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Using the classical-trajectory Monte Carlo model, we have theoretically studied the angular momentum
distribution of frustrated tunneling ionization (FTI) of atoms in strong laser fields. Our results show that
the angular momentum distribution of the FTI events exhibits a double-hump structure. With this classical
model, we back traced the tunneling coordinates, i.e., the tunneling time and initial transverse momentum
at tunneling ionization. It is shown that for the events tunneling ionized at the rising edge of the electric field,
the final angular momentum exhibits a strong dependence on the initial transverse momentum at tunneling.
While for the events ionized at the falling edge, there is a relatively harder recollision between the returning
electron and the parent ion, leading to the angular momentum losing the correlation with the initial transverse
momentum. Our study suggests that the angular momentum of the FTI events could be manipulated by
controlling the initial coordinates of the tunneling ionization.
OCIS codes: 020.2649, 020.4180, 320.7110, 320.7120.
doi: 10.3788/COL201816.040202.

Tunneling ionization is a fundamental process in the intense laser-atom/molecule interactions that occurs when
the electric field of the laser pulse is comparable to the
Coulomb force. When an atom is subjected to a linearly
polarized strong laser pulse, the barrier of the Coulomb
potential becomes periodically suppressed, which allows
for tunneling of the electrons. After tunneling from an
atom, the electron may return back and recollide with
the parent ion, leading to various nonlinear phenomena,
such as high-order harmonic generation[1–4], high energy
above threshold ionization[5–8], and nonsequential double
ionization[9–18].
In strong-field tunneling ionization, a large population
of neutral atoms surviving in Rydberg states are observed.
The underlying mechanism for the creation of these
Rydberg states has attracted much interest. It has been
[19,20]
shown that in the multiphoton p
ionization
,
regime
[21]
where the Keldysh parameter γ ¼ I p ∕ð2U p Þ is larger
than 1, the Rydberg states are created via AC Starkshifted multiphoton resonant excitation during the laser
pulse[22]. For γ < 1, where the electron ionizes through
tunneling, the Rydberg-state neutral atoms have also been
observed[23]. It has been demonstrated that the rescattering process is responsible for the formation of these
Rydberg atoms in the tunneling regime[23]. This is supported by recent experiments on the ellipticity dependence
of the excited neutral atoms yield[23,24]. In this rescattering
process, the tunneled electron does not gain enough drift
energy from the laser field and it is recaptured by the
Coulomb field of the ion when it returns back to the proximity of the parent ion. This is called frustrated tunneling
ionization (FTI). This FTI model has been very successful
1671-7694/2018/040202(5)

in reproducing the n-distribution (energy) of the Rydberg
states and has initiated a variety of studies in laser–atom
interactions, such as strong-field acceleration of neutral
atoms[25,26] and the survival of Rydberg states in a strong
laser field[19,20]. The excited fragmentations in a strong-field
dissociation of molecules have also been observed and
explained with FTI[27–33].
While the details of FTI, such as the initial tunneling
coordinates and the n-distribution of the Rydberg states
have been well explored, the angular momentum, which is
a very important quantity of Rydberg atoms, has been
overlooked in previous studies. The angular momentum
of Rydberg states is of great importance for both
fundamental and applied physics. For example, the lowangular-momentum Rydberg states were used for optical
quantum information manipulations[34–37] and long-lived
circular Rydberg levels with high angular momentum
are tools in the exploration of cavity quantum electrodynamic effects[38,39]. Thus, it is very important to explore the
angular momentum of the Rydberg states in FTI and
reveal the relationship between angular momentum and
initial tunneling coordinates, and ultimately control the
angular momentum distribution of the Rydberg states.
In this work, we theoretically study the angular momentum distribution of the recaptured electrons formed in the
FTI process driven by a linearly polarized field using
the classical-trajectory Monte Carlo (CTMC) model[40].
We calculate the angular momentum distribution of the
recaptured electrons and trace back the initial tunneling
coordinates. We reveal the relationship between the initial
tunneling coordinates and the final angular momentum of
the recaptured electron. Specifically, the final angular
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momentum of the electron tunneled on the rising edge of
the electric crest of the laser field shows a strong regular
dependence on the initial transverse momentum. For the
electron tunneled on the falling edge of the electric field
crest, there is a relatively harder rescattering by the parent ion, which leads to the final angular momentum of
the recaptured electron shifting away from the regular distribution. This process is intuitively revealed by back tracing of the classical trajectories.
In the CTMC model, the FTI process includes two
steps: tunneling ionization and classical evolution of the
tunneled electron in a combination of the laser field and
Coulomb potential of the ion. In the first step, the electron
ionizes at the tunnel exit with an initial zero longitudinal
momentum and a Gaussian-like transverse momentum
distribution. The weight of the trajectory was determined
by the tunneling theory[41,42] ω ¼ ω0 ðt 0 Þω⊥ ðp⊥ Þ, where


2ð2I p Þ3∕2
ω0 ðt 0 Þ ∝
jFðt 0 Þj


2∕p
2I p −jmj−1



2ð2I p Þ3∕2
; (1)
exp −
3jFðt 0 Þj

p 

2I p
:
ω⊥ ðp⊥ Þ ∝ exp −p2⊥
jFðt 0 Þj
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Fig. 1. (a) n distribution and (b) L distribution of the recaptured
electrons. The insert in (a) shows the electric field of the laser
pulse and the dashed line indicates the tunneling ionization time
in our calculations.

(2)

Here, Fðt 0 Þ is the instantaneous electric field of the laser
field at tunneling time t 0 , p⊥ is the initial transverse momentum, m is the magnetic quantum number, and I p is
the ionization potential. After tunneling, the evolution
of the electron’s trajectory is determined by Newton’s
equation of motion (atomic units are used unless stated
otherwise)
!
!
r̈ ðtÞ ¼ − F ðtÞ − ∇V ð!
r Þ;
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(3)

where V ðrÞ ¼ −1∕r is the Coulomb potential between the
ion and electron. FðtÞ ¼ F 0 cos2 ðπt∕τÞ cosðωtÞx̂ with
−τ∕2 ≤ t ≤ τ∕2 is the electric field of the laser pulse, which
is linearly polarized along the x axis. F 0 is the amplitude of
the electric field, τ ¼ 10T is the pulse duration, and T is
the optical cycle of the laser field.
In our calculations, we consider a simple case of He
where the electron originates from the S state (m ¼ 0)
and I p ¼ 0.9 (a.u.). The tunneling exit is approximately
estimated by x 0 ¼ −I p ∕Fðt 0 Þ. The ensemble is obtained
by sampling ten millions of classical trajectories over
the ionization time and initial transverse momentum.
We examine the energy of the electron when the laser
pulse is turned off. The electrons with the final energy
E f > 0 stand for the ionized ones. These with E f < 0
correspond to the tunneled electrons recaptured by
the ion, which are the FTI events that we will focus on
in this study. We estimate the main quantum number
n of the bound electron with the Rydberg formula
E f ¼ −1∕ð2n 2 Þ[23]. The angular momentum is calculated
!
!
as L f ¼ !
r f × P f . In this study, we focus on the angular
momentum distribution of the FTI events.

In Fig. 1, we show the n-distribution of the FTI events.
The insert of Fig. 1(a) shows the electric field of the laser
pulse in our calculations, where we only consider the events
with tunneling ionization occurring at the peak of the laser
pulse, as indicated by the dashed lines. Figure 1(a) exhibits
a maximum around n ¼ 5 and a long tail extending to
higher excited states, with n larger than 30. This result
is in agreement with the previous work[23]. We mention that
the position of the peak in n-distribution depends on the
laser intensity. This explains why in Fig. 1(a) the peak locates at n ¼ 5, while in Ref. [23] it is located at n ¼ 8 (there
a higher laser intensity was used). Figure 1(b) shows the
angular momentum distribution of the FTI events, which
is the focus of this work. It is shown that the distribution
exhibits a double-hump structure.
In order to understand the underlying dynamics for this
L-distribution, we take advantage of the CTMC model and
trace back to the initial coordinates of the FTI events. In
Fig. 2, we show the distribution of the tunneling ionization
time and initial transverse momentum of the FTI events.
As shown in Fig. 2, those electrons tunneled in the interval
(−0.05T , 0.05T ), with a specific range of the initial transverse momentum that can be captured by the parent ion
when the laser pulse is turned off. It shows that there is
a large nearly continuous area and some irregular structures in the distribution. The continuous part is mainly located before the peak of the electric field while the irregular
structure is located around and after the peak of the electric
field. According to the classical rescattering model, without
taking into account the Coulomb interaction, only the
electron tunneling after the peak of the electric field could
return back to the parent ion. For the FTI, the Coulomb
interaction between the parent ion and the tunneled
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Fig. 2. Probability distribution for FTI in the tunneling coordinate, where t and P y0 stand for the tunneling time and the initial
transverse momentum at tunneling, respectively. The colorbar
on the right represents the recapture probability.

electron is very important, which leads to electron tunneling before the peak of electric field that could be recaptured
to the orbit of the Rydberg state. The orbits of the Rydberg
states sensitively depend on the initial condition of the tunneling electrons. Thus, it can be expected that the angular
momentum of these states depends on the tunneling
coordinates.
In Fig. 3 we display the final angular momentum distribution versus the initial transverse momentum at tunneling. The region between the dashed lines indicates an
almost linear correlation between the final angular momentum and the initial transverse momentum. This part
accounts for the dominant amount of FTI events. This
correlation implies a general relation between the final
angular momentum and the initial velocity at tunneling
for FTI. For the small initial transverse momentum
jp⊥ j ≤ 0.15, there are visible distributions out of the region
between the dashed lines. The different types of distributions within and out of the region marked by the dashed
lines indicate the different mechanisms for the angular
momentum.
To shed light on the underlying dynamics, we trace back
the tunneling coordinates and divide the FTI events into
two parts. Figure 4(a) corresponds to the correlation
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Fig. 3. Final angular momentum distribution versus the initial
transverse momentum of the recaptured electrons at tunneling.
The colorbar on the right represents the recapture probability.
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Fig. 4. Tunneling time distribution versus the initial transverse
momentum for recaptured electrons. The distribution is divided
into two parts. (a) shows the regular part (for the events between
the dashed lines in Fig. 3) and (b) shows the irregular part (for
the events out of the dashed lines in Fig. 3). The colorbar on the
right represents the recapture probability.

region between the dashed lines in Fig. 3. This distribution
is nearly continuous and is mainly located before the peak
of the electric field. According to the simple-man rescattering model[43–46], these electrons cannot return to the parent ion. Thus, it can be expected that no rescattering
occurs for these tunneling trajectories. The FTI occurs
due to the electron being in the Kepler orbit of the highly
excited state after the laser field is turned off. For these
trajectories, the final orbits are mainly determined by
the initial transverse momentum at tunneling, and thus
the angular momentum distribution exhibits a strong correlation with the initial transverse momentum.
For the FTI events in the irregular region out of the
dashed lines in Fig. 3, tunneling mainly occurs after the
peaks of the electric field, as shown in Fig. 4(b). Additionally, the initial transverse momentum distribution is much
less than that in Fig. 4(a). For these trajectories, the electron could return to the parent ion, and relatively harder
rescattering occurs. This rescattering changes significantly the shape of the orbit and thus the final angular
momentum loses its correlation with the initial transverse
momentum.
Thus, we could conclude that irregular behavior for the
dependence of the angular momentum distribution on the
initial tunneling coordinates is mainly caused by the Coulomb potential during recollision. To explain this issue
more intuitively, in Figs. 5(a) and 5(b) we show several
illustrative trajectories of the electrons in regular and
irregular cases, which stand for the most popular trajectories in both cases. Figure 5(a) represents the trajectories
corresponding to the correlation region between the
dashed lines in Fig. 3. For these trajectories, the electron
tunneling ionization occurs before the peak of the electric
field. The different colors stand for the trajectories where
the electron ionized with opposite initial transverse momentum at the same tunneling time. For these regular
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Fig. 5. Typical trajectories for recaptured electrons where the
parent ion is located at the origin. (a) and (b) show regular
and irregular trajectories, respectively. The solid part represents
the trajectory in the combination of the laser field and Coulomb
force. The dashed part stands for the trajectories when the laser
pulses are over where only Coulomb interaction guides the evolution of the electron. The red and blue curves denote two trajectories ionized at the same instant but with opposite initial
transverse momenta.

trajectories, the electron never returns back to the parent
ion during the laser pulse. When the laser is turned off, the
electron is in the Kepler orbit of some highly excited
states. For these trajectories with opposite initial transverse momenta, the electrons finally achieve augular momenta with opposite signs, as shown by the dashed lines.
The trajectories shown in Fig. 5(b) correspond to the
irregular part of the angular momentum distribution in
Fig. 3. These trajectories tunneling ionize after the peak
of the electric field and return back to the parent ion about
one cycle later. Thus, the Coulomb force is significantly
large at this moment, which causes the evolution of angular momentum that does not follow the oscillation of the
laser field. So the relationship between the final angular
momentum and the initial transverse momentum is much
complicated, as shown in Fig. 3.
To show the effect of the Coulomb force during the recollision more clearly, in Fig. 6 we show the force on the
electron and the angular momentum evolution during
the laser pulse for the irregular case. The solid red curve
in Fig. 6(a) stands for the angular momentum of an irregular trajectory while in the dashed black curve we have artificially turned off the Coulomb interaction. In Fig. 6(b),
the red curve stands for the total force in the x direction
and the blue one is along the y direction. It is clearly shown
that there is a sudden change of the force at about 0.8T ,
when the electron returns to the parent ion. Figure 6(a)
compares the evolution of angular momentum of this

trajectory with (red) Coulomb potential. Obviously, the
Coulomb force changes the final direction of the angular
momentum.
Figure 6 indicates that the angular momentum of the
irregular events has been strongly affected by the Coulomb force when the electron returns to the parent ion.
In Fig. 7 we show the minimum distance between the parent ion and electron during recollision. The distribution
shows a most pronounced peak at around t ¼ 0.75T –T ,
which corresponds to when the electron returns to
the parent ion for the first time. There are also some other
populations locating around t ¼ T –1.25T and t ¼
1.75T –2T in Fig. 7. These correspond to when the electron returns to the parent ion for the second and third
times, respectively. It is shown that the distance between
the electron and ion can be as less as 2.5 a.u., and thus the
Coulomb force is very important during the rescattering.
This “hard” rescattering makes the final angular momentum exhibit the irregular behavior on the initial transverse
momentum.
In conclusion, we have studied the angular momentum
of the FTI events. We trace the initial tunneling coordinates and show that the angular momentum distribution
depends sensitively on the tunneling time and transverse
momentum. For the events, tunneling ionization occurs
just before the peak of the laser pulse, and the final angular momentum distribution exhibits a strong correlation
with the initial transverse momentum at tunneling. For
these events, the final angular momenta are dominantly
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Fig. 7. Minimum distance between the recaptured electron and
parent ion during the recollision for the irregular events. The colorbar on the right represents the recapture probability.
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determined by the laser fields. This type of FTI takes the
dominant part of the FTI events. For the ionization after
the peak of the electric fields, the electron could return to
parent ion during the laser cycle and lead to a relatively
harder rescattering. Because of this rescattering, the final
angular momentum lost the correlation with the initial
transverse momentum. It suggests that we can control
the angular momentum of the FTI events with controllable laser fields (for example, two-color fields[47]).
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